Equilibrium data for type 3 ternary systems comprising a liquid-liquid-liquid equilibrium region (LLLE tie-triangle) are not frequently correlated, as is evidenced by a lack of studies in the literature. In the present paper, a robust algorithm to calculate or correlate equilibrium data for this type of system is proposed. This algorithm is based on geometric aspects related to the Gibbs energy of mixing (g M ) and possesses some interesting advantages that are discussed in the text. The methodology put forward is applied to correlate the equilibrium data of three type 3 ternary systems. The NRTL model is used to define g M , and the common tangent plane criterion to define the equilibrium condition for the calculations. The lack in flexibility of the NRTL equation to model these systems is discussed.
Introduction
Liquid or solvent extraction normally involves the use of systems composed of at least three substances (ternary systems). The classification of ternary systems with reference to liquid phase equilibria [1] involves type 1, 2 and 3 systems; where one, two or three binary subsystems, respectively, are partially miscible. For each one of these groups of systems, the composition ternary diagram (for example the equilateral-triangle representation) may exhibit different behaviours depending on the temperature.
In type 3 ternary systems, the three LLE regions that expand into the ternary diagram away from the binary subsystems may remain separate (Fig.1a) , or intersect (Fig. 1b, c) to possibly form one region where three the liquid phases coexist in equilibrium (LLL) (Fig.1c ).
Systems exhibiting a LLLE region (tie-triangle) are of considerable interest for a number of industrial processes, particularly those involving surfactants. These systems find application in the production of cosmetics, drugs, herbicides, paints, lubricants, etc. [2] . They are especially important in the petroleum engineering industry where surfactants are used to recover residual oil [3] [4] [5] . Usually, systems which are effective in improving oil recovery are characterized by three-liquid equilibrium phases which appear and disappear as the concentration of one or more components is varied over ranges that are encountered during displacement through porous media [6] . The design of chemical flooding processes and the interpretation of process performance require an understanding of the phase behaviour of these systems [7, 8] .
The amount of literature on the modelling of LLLE using an excess Gibbs energy model is rather limited. There are only a few studies regarding the numerical solution of the threeliquid equilibrium problem [6, 9, 10] . Stateva et al. [2] discussed the difficulties and dangers associated with the correct determination of the LLLE solution when local optimisation methods are used. They proposed an algorithm for calculating the LLLE, and it was applied to calculate, and not correlate, the tie-triangle of two systems. Problems that could arise from the location of the global mixture were also discussed. Heidemann and Abdel-Ghani [11] used NRTL [12] to model the LLLE in water + phenol + n-hexane. Some papers dealing with surfactant flooding correlate only the LLLE tie-triangles in water (brine) + surfactant + oil mixtures for different salt concentrations. For example, Huan et al. [5] fitted tie-triangles for the quaternary system water + benzene + caprolactam + ammonium sulphate at different temperatures using the extended electrolyte NRTL equation. However, equilibrium data for type 3 ternary systems are not commonly correlated over the whole composition range including the LLE and LLLE regions. In this sense the DECHEMA Chemistry Data Series, Liquid-Liquid Equilibrium Data Collection [13] does not return any result for the correlation of type 3 ternary systems, while NRTL and UNIQUAC [14] binary parameters are given for almost all type 1 and 2 ternary systems. Additionally, the DECHEMA Data Preparation Package (DPP, DECHEMA e.V.), a software package for the regression of thermophysical properties, has also been evaluated on its ability to regress phase equilibrium data for type 3 ternary systems. It turns out that this software is not able to calculate the ternary tie-triangle for these systems, producing LL tie-lines that cross one another in the region where the LLLE would be the most stable solution, and showing that this possibility was not considered in the commercial program design. All these facts point to the existence of substantial difficulty in the correlation of this type of ternary systems.
In the present paper, we describe a robust new algorithm for the simultaneous phase equilibrium data correlation of type 3 ternary systems including a LLLE region (tie-triangle).
The method is based on the necessary and sufficient Gibbs common tangent plane criterion for ternary systems, equivalent to the global minimization of the Gibbs free energy of mixing, which avoids local or metastable solutions. Also, our approach possesses some interesting differences from other algorithms for liquid phase equilibria calculations that will be highlighted later on: 1) The topology of the g M surface is the key factor in the calculations, and 2) a global mixture definition is not necessary. The efficiency of the correlation algorithm is illustrated with three examples. The NRTL model has been used to formulate the excess Gibbs energy, but any other model could be used. The capacity of the NRTL model to correlate type 3 ternary systems including a LLLE region is also discussed.
Algorithm proposed for LLLE calculations
The calculation or correlation of a type 3 ternary system including a LLLE region involves both, the three separate LLE regions and the LLLE tie-triangle. In this section, we will describe the algorithm that we have proposed for the LLLE calculation, which forms part of a global strategy for simultaneous correlation of the equilibrium data in all the regions (LL and LLL) of this type of system, as explained elsewhere in this paper.
The algorithm proposed for LLLE calculations is based on the Gibbs common tangent plane equilibrium condition for ternary mixtures. Gibbs proved that a necessary and sufficient condition for the absolute stability of a ternary mixture at a fixed temperature, pressure and overall composition is that the Gibbs energy of mixing (g M ) surface at no point be below the plane tangent to the surface at the given overall composition [15] . In keeping with this criterion, the topological condition required for the Gibbs energy surface g M , defined by any model, to reproduce the equilibrium of type 3 ternary systems including a LLLE region, is the existence of three points on the g M surface having a common tangent plane as well as partial miscibility of the three binary subsystems. Fig. 2 represents an example of a g M surface that is consistent with this type of system and which has been calculated using the NRTL model.
The proposed LLLE calculation is performed by intersecting the g M ternary surface with successive planes to obtain three separate regions, progressively smaller, to which the required equilibrium compositions are confined. If the algorithm was executed repeatedly, the regions would become small enough so as to represent the actual LLLE solution. However, we use this algorithm, instead, to find three separate and small composition regions where the three equilibrium phases are located. Afterwards, the equilibrium equations based on the common tangent plane criterion proposed by Iglesias-Silva et al. [16] are solved taking into account the restriction on each liquid phase composition to belong to only one of three such regions.
To gain a better understanding of the algorithm put forward, we will illustrate it first for a binary LLE system, and then, after that, extend it to the tie-triangle calculation of a type 3 ternary system. The following steps of the procedure are based on an analysis of the g M versus composition curve:
1. In such a binary system points a and b represent the two inflection points of the g M curve and can be located by looking for the intersections of the second derivatives of g M with the x-axis. Both inflection points define a straight line L1 which is secant to the g M curve (Fig.3 ).
2. If the difference between L1 and g M is evaluated over the whole composition range, two separate composition regions are obtained for which this difference L1-g M is positive. The points A1 and A2, with the maximum distance between the straight line L1 and the g M curve in both of the separate regions, will be very close to the equilibrium points (B1 and B2) as can be observed in the magnifications included in iv. The g M global minimum and the g M equilibrium points for the selected binary subsystem (B1 and B2) define a plane P1, which intersects the g M surface (Fig. 5 ). For example, the Newton-Raphson method is used here to find the LLLE solution by solving Eq. 5-10 (section 3) in the constrained composition areas defined by the intersection between the g M surface and P1, using the set of maximum distance points (D1, D2 and D3) as initial values in the solution of the system of equilibrium equations.
b. The second option, analogous to that explained earlier for binary systems, would be to draw a new plane P2 defined by the three maximum distance points (D1, D2 and D3). The plane P2 would be closer than P1 to the common tangent plane to the g M surface in the LLLE region (tie-triangle solution). This plane would provide three smaller composition zones than P1 in which to find the equilibrium solution. Steps v and vi-b could then be repeated until the desired precision for the equilibrium calculation has been achieved.
Proceeding in this fashion, the LLLE solution can be determined geometrically.
In some cases, the proposed set of parameters along the calculation process, define a g M surface topology that does not give rise to three separate regions when it is intersected with the plane P1 (defined in step iv). Fig. 6 is an example of this where only two separate regions appear when the surface is intersected with P1. In these cases, the plane P2 is defined as follows:
vii. P2 is defined using three new points (i, j, h), calculated as the barycentre of three triangles ( The algorithm put forward has the advantage that no global mixture or feed definition is required for the region inside the tie-triangle that must be calculated. The problems associated with the dependence on the feed composition definition are discussed in the literature [2] . The algorithm improves the convergence of the numerical methods, which are very sensitive to initial-guess values, and has the additional advantage of avoiding the trivial solution.
Data correlation procedure.
For liquid mixtures, the dimensionless Gibbs energy of mixing (g M ) can be formulated as:
where the NRTL model has been used here to obtain the excess Gibbs energy (G E ). The model includes the corresponding binary parameters (A ij ) that are to be calculated via simultaneous correlation of the equilibrium data for all the regions (LL and LLL) of the system. A constant value for the NRTL non-randomness parameter alpha ( ij ) is frequently used in the literature [17] .
Equilibrium conditions
The common tangent plane criterion has been used as equilibrium condition. Assuming that the molar Gibbs energy is a function of the mole fraction, the corresponding non-linear equations that have to be solved simultaneously for all the equilibrium regions can be formulated as follows [16] :
(10) w the general designations for equilibrium liquid phases.
Model parameter estimation
The optimization of the NRTL parameters has been done by means of the Simplex Flexible method [18] , with the objective function defined as:
x is the molar fraction of component i on tie-line k and in , ); n denotes the total number of tie-lines in the LL and LLL regions; exp and cal stand for experimental and calculated equilibrium data. To correlate the LLL tie-triangle data, it was considered to be divided into three LL pairs of conjugated compositions.
The calculated molar fractions in Eq. (11) have been obtained by solving the set of nonlinear equations (2-10) using the Newton-Raphson method. For the LLLE region (Eq. 5-10) the algorithm in section 2 is used to define three small and separate composition regions to which each one of the three equilibrium compositions x i , x i and x i are restricted.
A constant value was used for the NRTL non-randomness parameter alpha ( ij ) during the initial stage of the correlation process. It was set to 0.2, a value frequently used in the literature [17] . After that, the correlations were carried out again, but now considering ij as an optimization parameter to check if any improvement in the results could be achieved.
Data correlation results and discussion
Tie-lines (LLE) and the tie-triangle (LLLE) experimental data of the following systems have been correlated using the suggested procedure:
System A: 1-Hexanol(1)-Nitromethane(2)-Water(3), 21ºC [13] .
System B: 1-Nonanol(1)-Nitromethane(2)-Water(3), 23ºC [13] .
System C: Lauryl Alcohol(1)-Nitromethane(2)-Glycol(3), 22ºC [19] . Tables 1, 2 (12) Initially, only the LLE binary data were correlated with the NRTL model, and the ternary equilibrium data were predicted from the binary parameters obtained as a result (Table 1) . The high values for the mean deviation between experimental and calculated equilibrium data ( A =3.61, B =11.79, C =6.64) for the three systems illustrate the lack in ability of the NRTL model to accurately represent the experimental ternary data using exclusively binary equilibrium data.
After that, ternary tie-lines (LLE) and the tie-triangle (LLLE) experimental data were simultaneously correlated for each one of the three ternary systems. At first, correlations were carried out with a ij (NRTL) of 0.2. However, high values still resulted for the deviations of the three systems A =3.06, B =5.93, C =5.14). Table 2 shows the A ij parameters together with the accuracy of the data fit given by the objective function and the standard deviation.
Next, ij was taken as an additional optimization parameter, in order to check if an improvement in the results could be achieved [20] . The accuracy of the fittings improved markedly for systems A and C, although the deviations were still A =2.04, C =4.60). For system B, the optimization of ij did not improve the quality of the fitting. Table 3 shows the A ij parameters and the ij , as well as the accuracy of the data fit given by the objective function and the standard deviation.
Experimental and calculated results for systems A, B and C are shown in Figures 9, 10 and 11, respectively. The prediction (from binary LLE data) of, and best correlation results for the ternary equilibrium data have been included for comparison. There it can be observed that it is qualitatively possible to fit all the regions with the NRTL equation using the same set of A ij parameters, though a large deviation is obtained in some cases. In system A, the LLLE (tie-triangle) fitting leads to a small deviation in the calculated equilibrium data for the 1-3 binary subsystem. The same occurs with system C, where additionally, the 1-2 binary subsystem also displays substantial deviations. In system B, for the calculated tie-triangle to approach the experimental one, it is required that the LLE calculated compositions for the 1-2 binary subsystem be much closer to one another and, therefore, very far from the experimental one. In this case, the NRTL model seems not to be flexible enough to simultaneously reproduce the very narrow LLLE tie-triangle and the LLE data for the 1-2 binary subsystem. The NRTL lines predicted for system B (Fig.10 ) demonstrate that compatibility with LLE data for the 1-2 binary subsystem is only possible for a much larger tie-triangle than the experimental one.
The above results illustrate the necessity of developing new more capable models able to reproduce the equilibrium behaviour of these complex systems accurately [21, 22] , as in the case of type 3 ternary systems including a LLLE region.
For all the parameter sets presented in this paper, it has been verified that the calculated tie-lines and tie-triangles were contained in planes tangent to the g M surface that did not intersect with the Gibbs energy surface at any other point. This guaranteed that they were all stable equilibrium solutions.
Conclusions
A procedure to carry out simultaneous correlation of the LLE and LLLE regions in type 3 systems has been presented. This procedure is based on the common tangent plane criterion as equilibrium condition and looks for the three very small areas of the composition space where the LLL equilibrium solution must be found by means of a process of sequential confinement. This method allows for fast convergence because it introduces a guided search and avoids false and trivial equilibrium solutions as well as the need to define a global mixture inside the tie-triangle.
It has been ascertained by examining the results obtained, that through the NRTL model it is qualitatively possible to find binary parameters that simultaneously generate all the equilibrium regions for this type of ternary systems. Nevertheless, deviations between experimental and calculated equilibrium data for some of these systems are too high, so the lack in ability of the NRTL equation to model this type of system has thus been demonstrated.
In these systems, many topological conditions must be fulfilled by the Gibbs energy surface in order to simultaneously reproduce the system behaviour in all the equilibrium regions, as is required by the tangent plane criterion. Therefore, models for the liquid g M function need to be more flexible in order to simultaneously represent the phase equilibria of complex systems having different equilibrium regions.
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